We have studied the effect of including nearest-neighbor, electron-electron interactions, in particular the off-diagonal (non density-density) terms, on the spectra of truncated tetrahedral and icosahedral "Hubbard molecules," focusing on the relevance of these systems to the physics of doped C 60 . Our perturbation theoretic and exact diagonalization results agree with previous work in that the density-density term suppresses pair-binding. However, we find that for the parameter values of interest for C 60 the off-diagonal terms enhance pair-binding, though not enough to offset the suppression due to the density-density term. We also find that the critical interaction strengths for the Hund's rules violating level crossings in C 
I. INTRODUCTION
To account for the superconductivity of the alkali fullerides A 3 C 60 (A=K, Rb, Cs) Chakravarty, Gelfand and Kivelson (CGK) [1] suggested a mechanism involving purely electronic (e-e) interactions. They showed how this might come about by studying a simplified (Hubbard) model of a C 60 molecule and arguing that for a range of the atomic parameters the molecule exhibits "pair-binding" [2] : that is, a pair of uncoupled monoanions, C to an unusual feature of the low-lying spectra of C 60 di-, tri-and, and quadr-anions (all of which have three icosahedral multiplets of states which are themselves degenerate in the U = 0 limit): namely, that Hund's rule was violated and the ground states were those of minimum spin and minimum orbital degeneracy.
The mechanism of superconductivity in the fullerides is currently not fully understood [3] and the relevance of the work of CGK to that problem is controversial; we will not shed any light on that question directly. Our interest lies in examining the robustness of the pair-binding and violations of Hund's rules found by CGK to e-e interactions not included in their model but expected to exist in the real materials. This issue is by no means straightforward since the quantities of interest are small differences of large energies.
Our work was stimulated in part by work of Goff and Phillips [4] , who studied the effect of further-neighbor density-density interactions on pair-binding.
We begin by defining the extension of the Hubbard model studied in this paper and the quantities of interest. Next, we present the results of perturbative calculations for C 60 . We discuss the assignments of values for the various parameters and the corresponding values for the pair-binding energy and level splittings. To assess the validity of our approach we follow the lead of White et al. [5] and present both perturbative and exact diagonalization results for C 12 , a mythical homolog of C 60 that has a similar level structure at the fermi energy. We conclude by summarizing our results and their implications for understanding the properties of the fullerides.
II. THE EXTENDED HUBBARD MODEL
We study the Hamiltonian
where ij runs over nearest-neighbor pairs,
iσ c iσ and the electronic orbitals are arranged either on the vertices of a truncated tetrahedron (C 12 ) or on those of a truncated icosahedron (C 60 ). The interaction terms are, implicitly, normal ordered. Hence, appearances notwithstanding, the W and X terms do not renormalize the hopping and chemical potential at zeroth order. For our qualitative purposes we ignore the difference in the hopping and nearest neighbor terms between the "short" and "long" bonds, except that in the kinetic energy they are not taken to be exactly equal (but rather, with a ratio of 1.001), so as to split some accidental degeneracies and thus simplify the computer programs somewhat [6] .
The quantities of interest for us are the energies of the low-lying states and the resulting set of pair-binding energies,
Here E i is the ground state energy of the molecule with i electrons in excess of charge neutrality; positive values of the E pair indicate that charge disproportionation is favored.
(The reader is warned that, in a slight abuse of this notation, we will also use E i /E The model with V = W = X = 0 was studied by CGK using second-order perturbation theory in U/t; they found that the E
pair with odd i become positive at intermediate values of
The tendency of an added V to suppress pair-binding was noted by White et al. [5] and by Goff and Phillips [4] who also included longer ranged density-density interactions.
Our inclusion of the leading off-diagonal (non density-density) terms is principally motivated by the observation that energy differences such as E
pair and level splittings are much more sensitive functions of the interaction parameters than the energies of the molecular states involved in their definition, and hence one may well need to keep track of interactions that nominally enter with small coefficients [7] . These terms arise when the underlying density-density interaction is re-expressed in the Wannier basis necessary to deriving the extended Hubbard model. The general matrix element of the interaction V(x) in the Wannier
which then specifies
where i and j are nearest neighbor sites. The magnitudes of these terms have been discussed in the literature, for example by Campbell, Gammel and Loh [8] . The qualitative conclusions are that while U > V , W , X, the relative magnitudes of the latter are sensitive to the detailed structure of the Wannier function and of the effective (screened) interaction. To illustrate the origin of this sensitivity we show in Fig. 1 a model calculation of the π-band Wannier function for C 60 . Generally V > X > W , but they become comparable when the interaction is screened on length scales shorter than the localization length of the Wannier function;
indeed X can even change sign [8] . We will rely upon these estimates when we return below to the question of assigning values relevant to C 60 .
III. RESULTS FOR C 60
Exact diagonalization of our Hamiltonian for C 60 is currently out of the question. Therefore, we have followed previous work in computing the energies of the low-lying states (those which constitute the degenerate ground state manifold in the absence of interactions) for the anions C −i 60 (i = 0 − 6) perturbatively to second order in the various interactions. Our procedure was to calculate total energies for each ion. While this requires more computer time than a more sophisticated approach (such as employed in [1] ) that calculates energy differences with respect to C 60 or C −6
60 , it has the advantage of being straightforward to code.
Comparing our results for the U terms with previous work gives a nontrivial check of the programs' validity. We have not attempted to estimate directly the neglected higher order corrections; instead we compare, below, perturbation theory with exact diagonalization results for the smaller homolog, C 12 .
In Tables I-XIII consist of the multiplets (
We note that the L = 0, 1, 2 states correspond respectively to the icosahedral representations
H g for n = 2 and 4, and to 4 A u , 2 T 1u , and 2 H u for n = 3. Each entry in the tables is the coefficient of the term involving the product of the its row and column labels in the expansion to second order.
Exploring the four-dimensional phase diagram implicit in these tables is a formidable but unnecessary task, for the values of the parameters are constrained by the requirement that perturbation theory be valid and that they derive from a single underlying interaction. It is convenient to consider families of interactions (U, V, W, X) with variable U and fixed ratios V /U, W/U, X/U where the first constraint is incorporated (very roughly) by requiring that U is bounded by the π-orbital single-particle bandwidth (≈ 5t). Based on the totality of the parameter values reviewed in [8] we estimate that the second constraint is incorporated by considering V /U ≤ 0.6, X/U ≤ 0.2 and W/U ≤ 0.04. At the high end these values are consistent with estimates for benzene [9] where the bare interaction is screened only by the σ bands but in that limit one would need to keep track of longer range interactions [10] .
The problem of interest, however, is that of pair-binding in the metallic phase of doped C 60 , and (modulo self-consistency) we take the interaction to be the effective, screened interaction appropriate to this system, which will tend to give somewhat smaller values of the parameters.
Before discussing our data, two remarks are in order. First, a caveat: most of the estimates that we have cited in assessing the relevant parameter ranges are from calculations using atomic orbitals and not using Wannier functions. Campbell, Gammel and Loh [8] carried out a model calculation for a one dimensional Kronig-Penney model where they calculated the Wannier function and found systematic deviations from the atomic orbital estimates as the screening length was varied. For our purposes the more interesting aspect of their data is that they suggest that W and X might be substantially smaller than we have supposed reasonable. Nevertheless, it is not at all obvious whether this feature of their work, which is certainly sensitive to details of the Wannier function and of the interaction, would carry over to a "first principles" calculation for C 60 . Hence we have chosen, pending a careful estimate of the parameter values relevant to C 60 , to use the atomic orbital values as the appropriate ones. (Also, see our concluding discussion.) Second, the reader should note that particular results that do not specify the values of V , W and X will correspond to a "canonical" set V /U = 0.5, W/U = 0.04 and X/U = 0.12.
A. Hund's Rules Violations
We are interested here in Hund's first rule which implies that any degeneracies arising from a partially filled shell in excess of those dictated by symmetry be lifted in favor of the states with maximal spin. For C −n 60 , n = 0, 1, 5 and 6, the states are either nondegenerate (0, 6) or degenerate by symmetry (1, 5) . For the remaining anions we find the following:
(1) C We find that this crossing is robust; even with the further inclusion of V , W , and X the crossing is always to the 3 T 1u state and the critical value of U/t is constant to within about 0.1.
60 : This is, roughly, the particle-hole conjugate (within the t 1u manifold) of C 
pair . Again the inclusion of W enhances the pairing and at W/U = 0.04 changes U pair /t to about 3.6. The further inclusion of X has a marginal effect. V , V X, V W and V W X respectively. This is in some contrast to the behavior of the (clearly approximately) particle-hole conjugate quantity E
pair .
IV. RESULTS FOR C 12
To assess the validity of second order perturbation theory, particularly with regard to the sign of the E pair , we have followed White et al. White et al. showed that for the pure Hubbard model for C 12 , while perturbation theory reliably predicted U pair (and even more reliably predicted the value of U for level-crossings) the typical value of E pair was considerably overestimated for U > U pair . We find that the additional changes in the E pair due to V , W and X are fairly well described by the perturbative results even when perturbation theory overestimates E pair (U; V = W = X = 0) by a factor of three. This is illustrated in Fig. 5 for the case of an added W term. It should be emphasized that this result is not entirely expected: the additional change has three terms, one coming from first-order perturbation theory, −2W/3, and two from second-order in perturbation theory, −UW/8 and 0.2338W 2 . The last term is entirely negligible for the range of parameters in the plot. For U = 2t, as in Fig. 5 On the question of pair-binding we find that the W term reduces (using the crude measure of U pair ) by about 50% the suppression of pair-binding produced by the V term. We note that in contrast to U and V , the W term favors pair-binding already at first order and also favors pair-binding in second order, in each case with large coefficients. However, these large a priori effects are offset by the small numerical value of W expected on physical grounds in C 60 . The net effect of the X term is weakly suppressive for the values of interest [13].
Goff and Phillips had argued that going beyond the Hubbard model necessarily suppressed pair-binding and that for parameter values relevant to the fullerides E pair was always negative. At a minimum we have shown that there are interactions beyond the Hubbard approximation that do favor pair-binding and, to use the framework of [4] , open a narrow window of parameters for which this could actually take place in the doped fullerides. However, we feel that such purely microscopic considerations ought not be taken too seriously for two reasons. First, we believe that our calculations illustrate that the issue of pair-binding is quite delicate and to draw phase-diagrams with any confidence one would need to be certain that all relevant interactions had been kept, their effects calculated accurately, and the parameter values known to high precision. These are daunting challenges for current theory. Second, the problem of physical interest involves intramolecular interactions that are necessarily renormalized by intermolecular dynamics (e.g. screening) in a self-consistent fashion [14] . Consequently, absent a solution of the full problem, it is difficult to assign properly the relevant parameter values; e.g. a modest enhancement of W could greatly enhance pair-binding. We are not arguing that microscopics can never settle these sorts of issues, merely that in this particular problem the existence of a region of pair-binding in parameter space has been clearly demonstrated in model calculations [15] and that the additional problem of locating precisely the parameters of the physical system does not appear amenable to first-principles solution. Consequently, it would appear that consistency of the scenario with the totality of experiments is perhaps a better approach. [10] In that case we expect the longer ranged diagonal interactions to dominate [9] and hence to find an attenuated version of the pair-binding suppression found by Goff and Phillips.
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